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Using the algebraic Bethe ansatz in conjunction with a simple Monte Carlosampling technique,
we study the problem of the decoherence of a central spin coupled to a nuclear spin bath. We
describe in detail the full crossover from strong to weak external magnetic field field, a limit where a
large non-decaying coherence factor is found. This feature is explained by Bose-Einstein-condensate
(BEC)-like physics which also allows us to argue that the corresponding zero frequency peak would
not be broadened by statistical or ensemble averaging.
Using the spin of a single electron (or hole) trapped
in semiconductor-based quantum dots has been a long-
standing proposal for a possible implementation of a
qubit [1] for which single-spin readout and coherent con-
trol [2] is now possible. In these setups, the isotropic
Fermi contact hyperfine interaction of the trapped cen-
tral spin with the bath of nuclear spins present in the sub-
strate is know to be the essential source of decoherence
leading, over time, to a loss of the information encoded
in any prepared state of the central spin. Denoting by ~S0
the central spin- 12 , by
~Ij the N nuclear spins, and by g
and gn the respective couplings to the external magnetic
field h, the Hamiltonian reads
H = ghSz0 + gnh
N∑
j=1
Izj +
N∑
j=1
Aj ~S0 · ~Ij . (1)
Dropping an irrelevant constant the first two terms can
be simplified [3, 4] to BSz0 with B = (g − gn)h.
In the regime of strong magnetic field B > A, with A
being N times the largest Aj , the time evolution of the
central spin 〈~S0(t)〉 can be described perturbatively [3, 5–
8] in the flip-flop terms
∑
j Aj(S
+
0 I
−
j + h.c.). In a de-
tailed study to fourth order Coish, Fischer, and Loss [7]
found that the Larmor precession undergoes a typical ex-
ponential decay which is supplemented by additional low-
frequency envelope modulations. In the opposite limit of
weak (or intermediate) fields a variety of methods includ-
ing semiclassical approaches, exact diagonalization, or
the algebraic Bethe ansatz(ABA) have been applied [5, 8–
12]. For unpolarized spin baths at B = 0, extrapolating
a semi-classical approach [9] to the continuum limit, as
well as time-dependent mean field theory [11] for very
large systems with N = 16 000 showed logarithmic decay
〈Sz0 (t)〉 ∼ 1/ ln(t) at long times. However, all approaches
in the weak field limit are either based on mean-field
or semiclassical methods or are restricted to either very
small system sizes N ≤ 20, specific bath polarizations, or
the short-time behavior.
In this work we aim to overcome these limitations by
developing a hybrid method based on the ABA in combi-
nation with a direct Monte Carlo (MC) sampling of the
exact eigenstates of the system, which we apply to the
transverse relaxation of the central spin. The method
provides a nonperturbative full quantum treatment giv-
ing us access to the complete crossover from strong to
weak field without any restriction on the initial polariza-
tion of the bath. Because of the trivial time evolution in
the eigenbasis, it also provides access to real-time dynam-
ics at arbitrarily long times without accumulated errors.
While it is only usable for modest system sizes, recent
developments have drastically sped up the computation
time. In this work we treat systems containing up to
N = 48 nuclear spins whose Hilbert space is ∼ 2 × 108
times larger than the ones previously treated with exact
methods [8, 10].
For the dynamics of 〈S+(t)〉 we find the following con-
clusions: (i) At strong to intermediate fields we observe
exponential decay with weak modulations and thus con-
firm the perturbative picture [7]. (ii) For smaller fields,
these weak modulations become dominant leading to
long-lived slow oscillations. (iii) As B → 0, an initial
rapid decay is followed by the formation of a nondecay-
ing coherent fraction whose amplitude and phase is in
one-to-one correspondence with the initial state of the
central spin. This lack of decay is explained as a conse-
quence of Bose-Einstein condensate (BEC)-like physics.
(iv) We argue that the nondecaying fraction survives en-
semble averaging and is at most logarithmically depen-
dent on finite size effects. Consequently, we expect it to
be experimentally observable.
To be specific, we will consider nuclear spins 12 al-
though this restriction is not imposed by integrability
or the numerical method. The couplings are chosen as
Aj =
A
N e
−(j−1)/N corresponding to a Gaussian electronic
wave function in a 2D quantum dot [3]. We study in de-
tail the time evolution of an initial coherent superposition
of the central spin: 1√
2
(|⇑〉+ |⇓〉) related to the T2 trans-
verse relaxation time. We assume the initial condition to
be a product state |Ψ0〉 =
1√
2
(|⇑〉+ |⇓〉)⊗ |Ψbath〉, with
|Ψbath〉 describing the nuclear spins. Narrowing tech-
niques [13] will typically allow one to create a superposi-
tion of (nearly-)degenerate eigenstates of the Overhauser
2operator hz =
∑N
j=1 AjI
z
j . Provided there is no special
phase relation between them, the density matrix can be
reduced to its diagonal terms, leading to an averaged sum
over the represented hz eigenstates. Here we avoid the
average by using a single specific zero-polarization ”max-
imal entropy” state: |Ψbath〉 = |↓1 ↑2 ↓3 ↑4 · · · 〉 with
the eigenvalue hzinit =
∑N
j=1(−1)
jAj/2. Having the up-
pointing spins uniformly spread out over the full range of
available coupling strengths should make this state suffi-
ciently generic to capture the dominant features of a di-
agonal ensemble average. We will confirm the validity of
this particular choice by explicitly comparing randomly
generated initial nuclear configurations.
Our main quantity of interest is the central spin coher-
ence factor which, projecting on the eigenbasis of H , can
be written as
〈S+0 (t)〉 = 〈Ψ(t)|S
+
0 |Ψ(t)〉 =
∑
m,n
Cm,n
2
ei(ωm−ωn)t, (2)
where Cm,n = 〈⇑; Ψbath |ψm〉 〈ψm|S
+
0 |ψn〉 〈ψn |⇓; Ψbath〉
with |ψm〉 and |ψn〉 denoting eigenstates of the Hamil-
tonian (1) with energies ωm and ωn respectively. Since
Sz0 +
∑N
j=1 I
z
j is conserved, |ψm〉 must contain one more
up-spin than |ψn〉.
Any eigenstate of the central spin model (1) is entirely
defined by M complex rapidities {λ1...λM} which need
to be a solution of a system of M coupled non-linear
algebraic equations: the Bethe equations [4]. Defin-
ing ǫk = −1/Ak and ǫ0 = 0, the corresponding (un-
normalized) eigenstate is obtained by the repeated ac-
tion, for each rapidity, of a generalized creation opera-
tor S+(λi) ≡
S+
0
λi−ǫ0 +
∑N
k=1
I+
k
λi−ǫk , i.e. |{λ1...λM}〉 =∏M
i=1 S
+(λi) |⇓; ↓↓ ... ↓〉. The corresponding eigenenergy
is then given by
ω({λ1...λM}) =
1
2
M∑
i=1
1
λi
−
B
2
−
1
4
N∑
j=1
1
ǫj
. (3)
Any eigenstate can therefore be pictured as containing
a given number M of individual quasiparticles. Each
of them is described by one single complex parameter
λi, which specifies both the spin profile and its energy
Re [1/λi].
In this work, instead of finding rapidities themselves we
solve for a different set of variables Λ(ǫi) =
∑M
j=1
1
ǫi−λj ,
which can be shown to obey a simple set of quadratic
equations [14, 15]. Any given solution to these equations
is found starting from the trivial B =∞ solutions where
an ensemble of M spins are pointing up and the remain-
ing N −M are pointing down. These configurations are
deformed by a stepwise ramping of the 1/B parameter
until the desired B value is reached [15] . Finally, it was
recently shown that the scalar products matrix elements
defining Cm,n in Eq. (2) can be written, in terms of
Λ(ǫi), as determinants of N + 1 × N + 1 matrices [16].
The resulting fast algorithm allows us to define a prob-
ability Pm,n ≡ |Cm,n| for any pair of eigenstates (m,n)
and perform the double sum in Eq. (2) using a sim-
ple Metropolis algorithm (see [17] for another example of
combining MC with ABA). Starting from a randomly se-
lected pair of B =∞ eigenstates, we first deform them to
the desired finite-B eigenstates |ψm〉 , |ψn〉 and compute
the probability Pm,n, frequencies ωm, ωn and the sign
sm,n = sgn(Cm,n). A new pair is then generated by ran-
domly selecting one of the two B =∞ configurations and
minimally changing it by exchanging a randomly selected
pair of up and down spin. Deforming this new configura-
tion to finite B we compute Pm,n′ (assuming state n was
modified) and accept the new pair (m,n′) with probabil-
ity min
(
1,
Pm,n′
Pm,n
)
. Repeating the procedure generates a
list of Ω configurations (mα, nα) distributed according to
Pmα,nα such that
〈
S+0 (t)
〉
〈
S+0 (0)
〉 = lim
Ω→∞
∑Ω
α=1 smα,nαe
i(ωmα−ωnα)t
∑Ω
α=1 smα,nα
, (4)
which can be normalized by the known initial value of
the coherence factor. Figure 1 presents the spectrum〈
S+0
〉
(ω) and its Fourier transform
〈
S+0 (t)
〉
for a wide
range of external magnetic fields covering the full non-
perturbative crossover Bfluc . B . A, where Bfluc =
(
∑N
j=1 A
2
j)
1/2 is a typical Overhauser field due to spin
fluctuations [18], all the way down to very weak magnetic
fields. All plots are obtained for an ensemble of N = 36
nuclear spins by sampling Ω = 107 configurations. For
any finite size system, the spectrums consist of a series
of delta peaks which are smoothed into Lorentzians of
width 0.001B in the plots. We stress that this broad-
ening is much smaller than the width of the peaks seen
on the graphs; i.e., the peaks are composed of a large
number of contributions at similar frequencies.
The spectrum is basically characterized by two struc-
tures. First we find a peak around the ”bare” Larmor
frequency B + hzinit given by the total effective magnetic
field felt by the central spin. For the strongest mag-
netic fields this sharp peak is the dominant feature whose
nearly Lorentzian line shape leads to exponentially de-
caying oscillations. As the magnetic field is lowered its
width increases giving rise to faster decoherence. In ad-
dition, there is a low-frequency structure which carries a
very low weight at strong fields but leads to slow mod-
ulations of the envelope function. These modulations
were previously observed in the fourth-order perturba-
tive treatment [7] and are now confirmed by our exact
results.
When lowering the field below Bfluc ≈ 0.1A the low-
frequency structure becomes the dominant feature, even-
tually taking a scaling form of ω/B for sufficiently weak
fields [see Fig. 1.(c)]. The low-frequency structure has a
finite width (∝ B) and, as B → 0, collapses into a delta
peak. In the long-time dynamics, this leads to the slowly
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FIG. 1. Left: Spectrum
〈
S+0 (ω)
〉
in the crossover and weak
magnetic field regimes. The dashed lines mark the ”bare”
Larmor frequencies B + hzinit. Panel c) is plotted in terms of
the rescaled frequency ω/B and shows only the low-frequency
structure. Right: The corresponding real-time evolution of
the coherence factor
〈
S+0 (t)
〉
. Each curve has an offset of
1 compared to the previous one. Black lines in panel (d)
are the norms
∣
∣〈S+0 (t)
〉∣∣ which, in the perturbative regime,
correspond to the envelope function computed in [7].
decaying low-frequency oscillations shown in Fig. 1 (e),
whose period and lifetime can be made arbitrarily large
since the real-time evolution becomes a function of Bt.
As B → 0 this ultimately gives rise to a nondecaying
fraction representing nearly 0.5 of the initial value. At
B = 0 the total coherence factor
〈
S+0
〉
+
∑N
j=1
〈
I+j
〉
is
conserved, hence the lost central spin coherence is trans-
ferred to the nuclear spins polarizing them along the cen-
tral spin’s initial orientation and ultimately locking the
system into a non-decaying steady state.
Here, by working with exact eigenstates of the model
we get valuable insight in the processes involved which
allow us to demonstrate the complete absence of long-
time decay, i.e. in contrast to other approaches [9, 11]
we do not observe a 1/ ln(t) decay. In the B → 0 limit,
eigenstates contain two independent subsets of quasipar-
ticles. A state-dependent number 0 ≤ r ≤ M of ra-
pidities diverge as λi ≈ Li/B + O(1) (Li being roots
of a Laguerre polynomial [19]). The corresponding ex-
citations become part of a Bose-Einstein-like condensate
of quasi-particles. Being created by the same operator
S+(λi →∞) ∝ S
+
0 +
∑N
k=1 I
+
k , they are indeed all iden-
tical and all have zero-energy Re [1/λi] ∝ B + O(B
2).
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FIG. 2. Short time dynamics of the norm
∣
∣〈S+0 (t)
〉∣∣ for
intermediate to weak fields. The nine values of magnetic
fields B < Bfluc shown in Fig. 1 are plotted with black lines
(B/A ∈
[
1.3889 · 10−6, 0.05556
]
). The red line is a quadratic
fit with parameter τ ∼ (A/N)−1. For both GaAs and Si:P,
using values from [3] gives τ ≈ 1µs.
On top of this condensate one finds M − r additional
excitations with finite energies. They are characterized
by finite λi ≈ λ
0
i + O(B) whose proximity with some
particular values of the inverse couplings {ǫi} leads to a
localized excitation profile. Retaining the same set of lo-
calized excitations, one can actually form new zero-field
eigenstates with the same energy by adding any number
of quasiparticles to the condensate. This particular struc-
ture of the exact eigenstates is another manifestation of
BEC-like physics which echoes the behavior of other inte-
grable Gaudin models such as the Dicke model’s superra-
diance [20] or the Richardson model’s superconductivity
[21].
In Eq. (2), any pair of eigenstates which only dif-
fer by one additional condensed quasi-particle will con-
tribute to the nondecaying (ω = 0) fraction at B = 0.
At weak finite fields they lead instead to a low-frequency
(ω = ωm − ωn ∝ B) contribution explaining the scaling
seen in panel (c) of Fig. 1. Any other pair of eigenstates
gives a finite frequency contribution. These are spread
over a large energy band, leading to the initial rapid de-
cay. The eigenenergies are dominated by the finite ra-
pidities (localized excitations), weak magnetic fields only
give subleading corrections to this feature. As shown in
Fig. 2 for B . Bfluc, this results in B-independent early
dynamics well described by a quadratic decay law.
Experimental observation of the nonperturbative long-
time contributions; e.g., the low-frequency oscillations,
requires two conditions. It needs to have a lifetime suf-
ficiently longer than the initial decay and, at the same
time, it has to carry a sufficiently large weight. From
a rough analysis of the real-time numerical data, fields
B ≤ 0.03A (∼ 0.1T for GaAs or ∼ 0.0015T for Si:P
using [3] A/(g∗µB) = 3.5T and A/(g∗µB) = 0.05T,
respectively) would be sufficient to exhibit oscillations
with an amplitude of ∼ 10% of the initial coherence fac-
tor and a lifetime long enough compared to the initial
rapid decay [see the B = 0.02778A curve in Fig. 1 (e)].
These oscillations would be clearly distinguishable from
any perturbative result since their frequency is nearly
4an order of magnitude lower than the Larmor frequency.
Since we are looking for a clear measurable signature,
the resulting threshold is at much weaker fields than the
naive limit of validity of perturbation theory B ∼ A.
In Fig. 3 we show the long-time averaged contribution
for a variety of system sizes. We see that even for mod-
est system sizes (N ≥ 20) the finite-size discretization
does not seem to affect strongly the total weight carried
by the low-frequency contributions. The error bars and
system sizes treated here do not exclude a slow logarith-
mic reduction ∼ 1/ ln (βN) of the total fraction as was
observed in a finite-size semiclassical treatment [9] of the
longitudinal decay, eventually leading to 1/ ln(t) decay
in the continuum limit [9]. In contrast, our full quan-
tum mechanical treatment includes the discreteness of
the spin bath and shows the nondecaying fraction to be
observable for finite systems. Indeed, even an assumed
∼ 1/ ln (βN) reduction would yield an observable nonde-
caying fraction for experimentally relevant system sizes
(N ≈ 102 in Si:P or N ≈ 105 in GaAs).
Considering that even a physically narrowed system
should be described in terms of a diagonal ensemble av-
erage, in Fig. 4 we compare the weak field dynamics
for an ensemble of 10 unpolarized (M = N/2) initial
bath states obtained by choosing a random set of M up-
pointing nuclear spins. This is less restrictive than the
eigenstate content of a narrowed state since the initial
Overhauser eigenvalue hzinit is not fixed. While we ob-
serve slight variations in the total non-decaying fraction,
it systematically stays above 0.4 and maintains the X-Y
plane phase of the initial central spin orientation. Initial-
izing the central spin at a different point on the Bloch
sphere α |⇑〉 + β |⇓〉 would only lead to a multiplicative
factor
〈
S+0 (t)
〉
= αβ
〈
S+0 (t)
〉
(⇑+⇓) which still conserves
the relative phase. Albeit averaging may lead to a slightly
lowered total fraction, the common phase obtained for
all nuclear spin configurations means that diagonal en-
semble averages
〈
S+0 (t)
〉
≡
∑
n γn 〈{ǫ}n|S
+
0 (t) |{ǫ}n〉, be
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FIG. 4. The long-time averaged coherent fraction for 10
randomly generated initial nuclear spin configurations. The
meaning of the error bars is as in Fig. 3. Inset: Corresponding
real-time evolution. Magnetic field is B/A = 1.3889 × 10−6
and N=36.
they performed for a narrowed or even infinite tempera-
ture state, would still yield a large nondecaying fraction.
In fact, when projecting any typical initial state onto the
weak-field eigenbasis, one will populate a large fraction of
the available eigenstates. Since a large majority of them
have a finite number of condensed quasiparticles, so will
the resulting quantum superposition. On average, one
can then systematically expect to find a finite fraction
of particles whose dynamics, being frozen by their zero
energy, will retain information about the initial state.
Moreover, the existence of this condensate is com-
pletely independent of the set of couplings constants and
hence the dot geometry. Therefore, the zero-frequency
peak which leads to a nondecaying fraction, should not
exhibit any inhomogeneous broadening in experiments
which involve an average over different quantum dots.
Neither the geometry nor the initial nuclear spin config-
uration can broaden then delta peak. This is in stark
contrast to recent optical spin noise experiments [22]
where a Lorentzian line shape was observed. However,
a direct comparison to our results is not possible con-
sidering the experimental work was carried out on hole-
spin based samples for which the hyperfine coupling is
strongly anisotropic. In the isotropic system considered
here a finite lifetime would require the addition of in-
tegrability breaking terms to the Hamiltonian (1). The
weak dipolar coupling between the nuclear spins could
play such a role although on relatively long time scales
τdd ≈ 10
−4 s in GaAs; another mechanism would be
quadrupole couplings to the nuclear spins [23]. In ad-
dition, while we argued that ensemble fluctuations in
the nuclear Overhauser field would not lead to a finite
lifetime, it should be noted that local fluctuations in
the external magnetic field would induce broadening due
to the ω/B dependency of the spectrum. This demon-
strates that, at weak field, the strong correlations be-
tween the central and nuclear spins lead to a clear dis-
tinction between external magnetic field and the internal
Overhauser field.
In conclusion, we have developed a nonperturbative
method to study the dynamics in the central spin model
which is applicable to arbitrary magnetic fields and ini-
5tial bath polarizations and provides access to the real-
time dynamics at arbitrary long times. We applied this
method to the transverse spin relaxation which, at weak
fields, shows initial rapid quadratic decay followed by a
large arbitrarily long-lived finite coherent fraction result-
ing from the BEC-like behavior of the system.
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